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There are two ways of studying field theories at finite temperature. One way is the imaginary time formalism. 1 ), 2) This formalism is adequate to the use of high temperature expansions. However, since the time argument (i.e., the temperature variable) is restricted to the imaginary finite domain, it is not convenient to deal with time-dependent quantities by this formalism. Another method is the real time formalism.
3 )-5) This formalism treats the temperature and the real time separately. The time integration extends over the entire real domain as in T = 0 field theories. Thus this formalism is convenient to calculate time-dependent quantities and to see the zero temperature limit. Furthermore any symmetry associated with the time variable is manifested even at finite temperature.
A few years ago, supersymmetry (SUSY) at finite temperature was investigated by using the real time formalism. 6 ), 7) The imaginary time formalism was used to study this subject before and led some confusion. But the real time formalism could clarify the behavior of SUSY at finite temperature. SUSY is spontaneously broken even at the tree level. Though there exists a Goldstone mode, a Goldstone pflrticle does not appear in general. In some models, this Goldstone mode is transferred to a fermion (Goldstone fermion) at the one loop level.
If we use the real time formalism, the above results, i.e., the spontaneous symmetry breaking and the existence of a Goldstone mode at finite temperature, seem to be expected for other symmetries. In fact, Lorentz symmetry at finite temperature was studied recently8).15) and the same results were obtained.
In this paper, we study dilatation, specialconformal anasuperconformal symmetries at finite temperature by using the real time formalism. In § 2, we briefly review the finite temperature field theory and SUSY breaking at the tree level. The dilatation is studied in § 3 and the specialconformal and the superconformal symmetries are examined in § 4 at the tree level. We extend our tree level consideration to the one loop level in § 5. Section 6 is devoted to discussion. § 2. Real time formalism and SUSY breaking at finite temperature As mentioned in § 1, the real time formalism is more convenient to study the 'symmetries associated with space-time. In this formalism, all fields must be doubled by adding their tilde fields. At T=O, let us consider the action fd 4 x(.£0+.£I) with the free Lagrangian .£ 0 and the interaction .£ I. Then, at T*O, the total action is given by fd 4 x(.£0+.£I-.10-.1I ), where .10 and .II are the free and the interaction Lagrangians of the tilde fields, respectively. In performing the perturbative calculation, .£1 and .II are treated as interaction. The temperature only affects propagators through the asymptotic boundary condition. The propagators for scalar bosons and spin-II 2 fermions are given as follows: 4 ),5),9)
The (11) Here A = (a + at) / /2 and F = (j + P) / /2, and < ) p means the thermal average. It is simple to calculate the RHS of (2·9) by using the propagators (2·1) and (2·2):
The factor nF+ ns comes from the difference of the fermion propagator Sll(k) from the boson propagator Dll(k). (The index 11 means the (11) component) Since the (LHS) of (2·9) is the total divergence, (2·10) implies that SUSY is spontaneously broken even at the tree level because of the difference of the thermal distributions. To see zero-mass modes, let us calculate the (LHS) of (2·9). It becomes as follows:
Using (2·1) and (2·2), we find that Sll(k-P/2)D ll (k+P/2) includes the terms These terms, which are the (T=O) x (T=f::-O) parts, bring the desired singularities.
Before closing this section, we remark on the model studied below. We employ the massless Wess-Zumino modeP2)
This model is the simplest one that has the dilatation, the specialconformal and the superconformal symmetries. However, in § § 3 and 4.1, we consider the actions of a real scalar and a Majorana spinor for simplicity, because these sections are devoted to the bosonic symmetries of free fields. § 3. Dilatation at finite temperature
The previous example of the SUSY breaking indicates that other symmetries may break spontaneously at the tree level. In this section, we study the dilatation at the tree level.
Scalar
A dilatation is the change of the space-time coordinates. They transform as 8x", =-x",. The scalar field transforms under the dilatation as
where d = 1 is the scale dimension of \Z1. The action of a free massless scalar (3·1) is invariant under the dilatation. The N oether current is ll ) (3·2) Here ()e' " II and ()'" II are the canonical and the improved energy momentum tensor, respectively:
Since X"'II is an antisymmetric tensor,ll) it can be discarded in considering the divergence of D"'. The WT identities are obtained from by taking derivatives with respect to the source]. The first non-trivial identity comes from the second derivative: (3 ·4) with Y",=x",-y",.
The calculation of the RHS of (3·4) is simple. Using (2·1) with m=O, we obtain ) where nB and u'" are defined in (2·5). In deriving (3·5), we used k 2 8(k 2 ) =0. To check the LHS, the divergence of D'" is divided into two parts:
The contribution of the first term is where X,,=(x,,+y,,)/2. Performing the pJl differentiation and using the identity (P/2±k)20 «P/2±k)2)=0, we obtain
The contribution of the second term of (3) (4) (5) (6) is
which cancels the second term of (3) (4) (5) (6) (7) (8) . Thus LHS equals RHS. In (3-7), the singular-
are canceled by the factor p -kin the bracket. We note this factor comes from the first term of Oc"JI.
Spinor
The action of a Majorana spinor Jd 4 x(I/2)¢i$rf; is also invariant under the dilatation. The spin or field transforms as orf;=(d+x-O)rf; with d=3/2. The dilatation current is given byll) (3 -10) where the symmetric energy momentum tensor O"JI is related to the canonical one Oc"JI as
As in the scalar case, the first non-trivial WT identity is. (3) (4) (5) (6) (7) (8) (9) (10) (11) with Y"=x,,-y,,. Now let us study the LHS. The non-vanishing term of the LHS comes from (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) Equation (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 
The final result of (3-11) is (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) 
The meaning of these results
From (3) (4) (5) and (3-13), we find that the factor
is specific to the spontaneous breaking of the dilatation at finite temperature. We consider the meaning of (3 -14) by using the scalar propagator Dll ( Y) . As is shown in , Dll( Y) is divided into the T=Oand the T='t=O part:
Changing the integration variable kp to ePkp with infinitesimal p, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) gives (The T=O part satisfies (2+ Y-Oy)DOll=OJ From (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) , we obtain
Equation (3 -17) implies that the dilatation must be compensated by the transformation of the temperature scale. The expression (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) is peculiar 'to this transformation. § 4_ Specialconformal and sllperconformal symmetries at T='t=O
In this section, we study the specialconformal symmetry for a scalar field and the superconformal symmetry for the Wess-Zumino model at the tree level. As in § 3, the term oVrpo"rp in 8 w produces the factor p. k to cancel the singularity. The identity (4 '1) finally becomes as follows:
Specialconformal symmetry
Here we set Xv= (xv+yv) /2 and Y"=x,, -y". The first term of (4·2) contains the factor (3·14) which is specific to the dilatation. The factor (4· 3) in the second term corresponds to the breaking of Lorentz-symmetry.8) To see this point explicitly, we consider the propagator (3 '15) again. If we change k" to k" + w"vk v with infinitesimal w"v( = -wv,,), we obtain
Y"w"vovD p ll ( Y) +/3"w"v o$v Dpll( Y) =0, (4· 4)
where /3"=/3u,, and Y"w"VOyVD0 11 ( Y) =0 was used. From (4'4), the following expression which contains the factor (4· 3) is obtained:
The result (4·2) is related to the fact that the conformal current K a " can be expressed in terms of D" and the Lorentz current M va " as Ka"=xv(gvaD"-Mva,,).ll)
Superconformal symmetry
The Wess-Zumino model (2·13) is invariant under a superconformal transformation.12l Since we consider the tree level WT identity here, we set g = 0 in (2 ·13) for simplicity. Then the superconformal transformation is given by (4 ·7) with A=(a+a t )/ /2. By using (2·1) and (2·2), the LHS becomes
N ow let us study the WT identity jd4zOl'z<SI'(z)A(x) ¢(y»p= -i<[ -Yi&yA(y) -2iA(y)]A(x »p -i<-i¢(x)¢(y»p
.
It is easy to check that the RHS of (4·7) equals (4·8). Equation (4·8) shows the three origins of the spontaneous breaking of the superconformal symmetry at finite temperature. They are (1) the difference of the thermal distributions of bosons and fermions (the first term), (2) the breaking of the dilatation by temperature (the second term) and (3) the breaking of the Lorentz symmetry by temperature (the third term). This result is expected because the superconformal symmetry is the "square root" of the specialconformal symmetry. § 5.
One loop level
In the preceding sections, we investigated the tree WT identities. Following Ref. 7), we extend our consideration to the one loop level here. As an example, we consider the dilatation of the model (2·13). The amputated WT identity for fermions is
with d=3/2. In (5·1), a trace anomaly is neglected for the time being. The diagram which contributes to the RHS of (5·1) is shown in Fig. l(a) . The temperature-dependent part of the last term of the RHS is
' " ' " ' " ' " 
+2lCi(/j-A)O((k-t)2)(k-t).u dnF(k-t)
, dl· u (5·2)
By substituting (5·2) into the RHS of (5 ·1), the temperature-dependent part becomes
In deriving (5·3), we have changed the variable l of the second term to k-l, since the T =\= 0 part is finite. N ext we study the LHS. In the interacting case, there are additional current vertices which are proportional to the coupling constant. However it is easy to understand that they do not contribute, because they do not produce any singularity as the limit p ~ 0 is taken. Thus the diagrams which contribute to the LHS are shown in Figs. l(b) and (c) . As to the T=\=O part, we can use the tree level results (3·5) and (3·13) by changing the momentum variablek to k-l. (Compare Fig.l(b) with Fig. 1 (d) .) Multiplying (3·13) by a scalar propagator and (3·5) by a fermion propagator appropriately, we can prove (LHS)=(RHS)=(5·3). Equation (5·3) is connected with the fact that the fermion acquires the mass proportional to gT at the one loop level. 16 ) For other symmetries, we can also prove the non-trivial WT identities at the one loop level in the same way.
We must remark on the T = 0 part here. It diverges at the one loop level, so an appropriate regularization must be done. As is well-known, a careful treatment produces ancimalies. ll ), 13) The model (2·13) contains massless particles and has an R-symmetry ( 
with y~0.577. The factor InA in the denominator, which comes from the infrared singularity, is canceled by the lnb term in I(b). Then by differentiating (5·4) with respect to A, we find that A=F=O is the minimum of (5·4). § 6. Discussion (1) . In § § 3 and 4, we showed that the dilatation, the specialconformal and the superconformal symmetry are spontaneously broken at finite temperature. The massless Goldstone mode appears though it is not a single particle. These symmetries are peculiar to massless fields. But the origin of the Goldstone mode is not the vanishing mass of a field. It is the cross terms (T=O) x (T=\=O) of two propagators with the same mass. In terms of thermo field dynamics,3),4) the creations of a particle and a tilde particle generate this mode. 6 ),IS)
As an example, let us consider a free real scalar field, as in § 3.1. Since this is the free theory, its dilatation current is conserved. Thus, in thermo field dynamics, the non-trivial WT identity is now where 10((3) > is the temperature-dependent vacuum (see (6·2)) and the dilatation charge D is Jd 3 zDO(z). This expression shows that the dilatation charge produces some Goldstone mode. To see this mode explicitly, we expand a free real scalar field as (6·1)
The operators and the vacuum which are temperature-dependent are obtained by a. Bogoliubov transformation:
Here cosh 8k and sinh8k are defined by (2·3). Using (6·1) and (6· 2), we find thatthe state (3) . In § 5, we briefly considered the one loop effective potential of the Wess-Zumino model. The T = 0 part produced the factor InA and the T ~ 0 part brought the same factor with the opposite sign. So they were canceled. At high temperature, the same cancellation of the infrared singular term happens also in the case of the rp4 theory,I) which has no chiral invariance. Then the one loop effective potential takes the minimum at (rp>p=O.
From these examples, we expect, in the case of massless theories, there is no Goldstone particle at the one loop level. On the contrary, the particles that are massless at the tree level acquire the masses proportional to gT.
(4). It is not hard to convince ourselves that the contribution of the Goldstone mode mentioned above exists at higher-loop orders. For example, we can obtain higher-loop contributions to the LHS of (S°l) by adding fermion lines and boson lines in Figs.l(b) and (c). At the two loop level, one of such diagrams is shown in Fig. 2(a) . The current vertex part of Fig. 2(a) , i.e., Fig. 2(b) , produces the Goldstone mode as before. In fact, after taking the limit pp---+O, Fig. 2 
